A numerical procedure for generating phase-space distributions matched to alternating gradient focusing systems has been tested. For a smooth-focusing system a matched distribution can be calculated. With a particle tracing simulation code such a distribution can be followed while adiabatically deforming the focusing forces until an alternating gradient configuration is reached. The distribution remains matched; the final distribution is periodic with the structure period. External nonlinearities, including nonlinear couplings, were included in our examples but space charge was not. This procedure is expected to work with space charge but will require a 3-D space-charge calculation in the simulation code.
Introduction
In the smooth approximation in which the focusing forces are explicitly time independent, a phase-space distribution is said to be matched if it is constant in time. Such distributions can be formed by taking functions of the single-particle Hamiltonian The coordinates x and momenta p are relative to the synchronous particle with r 2 = x 2 + y2 and p2 = PX2 + py2 + pZ2. The synchronous phase is 4s and the space-charge potential is $(r,z). Except for the axial nonlinearity term (z3) and the RF coupling term (r 2Z), the method for producing a matched distribution using the RZED code (RZED79 is the nonlinear version) has been previously described.2 With no space charge = 0), the procedure is straightforward.
We started with a beam matched to a 28X drifttube linear accelerator, assuming smooth focusing with a phase advance of 900 per focusing period in all directions. We chose a large beam emittance to more clearly see nonlinear effects. To further enhance nonlinear effects the initial beam was traced for 20 focusing periods while increasing the focusing strengths of the smooth-focusing forces so that the final phase advances were 108°in all three directions. This new "initial" beam was then used as the starting point in the experiment to generate the time-dependent matched beam. The 1080 tune is near the nonlinear 2 ox + az = 360°resonance so that matching to the nonlinearity becomes more important.
Parameter Variation in Particle Tracing Figure 1 shows the strengths of the linear parts of the focusing forces in the three directions over one focusing period (four RF cycles). The focusing strengths are expressed in terms of instantaneous phase advances per focusing period. A negative value for the instantaneous phase advance means the force defocuses. The focusing period in Fig. 1 starts with an x-defocusing lens, followed by a drift, followed by an x-focusing lens, followed by a second drift. The lens lengths are fX. At the centers of the drifts are RF gaps of length f3V4.
The alternating gradient configuration is achieved as follows. In the first focusing period of the simulation, the focusing strengths are constant over the period. In subsequent focusing periods, the focusing strength in the x-direction is decreased in the x-defocusing lens region and increased in the xfocusing lens region so that the instantaneous phase advances in these regions are some new values 01 and 02, respectively. In the drifts between the lenses, the focusing strength is set so that the instantaneous phase advance there is (a1 + 02)/2; in the y-direction, they are set so that the instantaneous phase advances are 02, 01, and (a1 + 02)/2 in the three regions, respectively. In the z-direction, the instantaneous phase advance in the gap region is increased and the instantaneous phase advance in the region between the gaps is decreased. At every focusing period, the strengths are changed by a small amount until finally 01 and 02 are equal in magnitude but opposite in sign, and the drifts contain no transverse forces. In the axial direction, the final configuration has forces confined to the gap region. Figure 2b shows the contours of equal density in the same phase planes. The contours represent densities of 0.7, 0.3, 0.1, and 0.02 in units of the maximum phasespace density. The axial phase-space shape is not elliptical because the beam is matched to the very nonlinear axial forces. This distribution was traced from this point with acceleration still turned off while bringing the focusing forces to the final alternating gradient configuration in 100 focusing periods. The phase advance per period was maintained at 1080 in all directions. At period number 120, the final alternating gradient configuration is reached and the accelerator parameters are held fixed as the distribution is followed for 20 more focusing periods. Figures 3 and 4 show the contour plots at focusing period 121 and 126, respectively. The distributions, at times an integral number of focusing periods apart, are very similar. This is the desired result: the distribution is periodic.
Because the phase-space projections are not elliptical, the usual ellipse-fitting, area-measurement procedure is not adequate. We used a bin-counting procedure, which was less shape dependent. The statistical error in the 98% bin-counting emittance of the initial beam of 10 000 macroparticles is 1.3%.
There are fluctuations in the 98% emittance of ±3.5% (large emittance in the defocusing lens and small in the focusing lens). Emittance values, at times an integral number of periods apart, are more nearly constant. The worst point in the 20 periods was at the x-defocusing lens in period 134, for which the emittance was 3.0% higher than at the corresponding point of period 121. Because the emittance is approximately periodic, the emittance averaged over a period is nearly constant. The 98% emittance averaged in this way varies at most by +2.3%, at period 134, from the average at period 121. Another kind of average, even more constant, is the 98% emittance averaged over the three directions x, y, and z. Averaged this way, the fluctuations over a period almost disappear. All 80 values of (fx + fly + nz)/3 over the 20 periods lie in the interval 2.80 mm-mrad ± 0.9%. This is an experimental result that could not have been predicted because, for more than one degree of freedom, there is no known conservation law involving the emittances. Figure 5 shows the time evolution of the rms emittance in the x-direction. The general behavior of the rms emittance is similar to that of the 98% emittance. The fluctuations are smaller (±2.4%) and the maximum change in the emittance averaged over a period is smaller (+1.2%). For a linear uncoupled system, the rms emittance is conserved for any distribution, even a mismatched one. The observed fluctuations are therefore caused by the nonlinearities.
For comparison, a uniformly filled ellipsoid in 6-D phase space was prepared with the Courant-Snyder parameters chosen to match to the linear part of the focusing forces. Because the nonlinearities were not considered in preparing the uniform distribution, there is a mismatch. Figure 5 shows also the results for the uniform beam.
The uniform beam's time evolution can be understood to some degree because the tune is near the 2 ax + oz = 3600 resonance. This resonance is excited in the first harmonic of the RF coupling potential. Because RF coupling is included in our model and because the beam is large, we expect this effect to be large. The resonant combination of phase advances is 360; that is, 2 ax + a z -3600 = 360. According to first-order perturbation theory, the amplitudes of the oscillation in the x-and z-directions should oscillate with a period of 10 focusing periods (360°/360). Because of the spread of phases, we expect the emittance in both the x-and z-directions to increase. After 10 focusing periods we expect the distribution to return to its original form because it was matched to the linear forces. But because the perturbation theory result is not exact, there is some average emittance growth. Discussion
We have tested the following procedure. To produce a phase-space distribution that is matched to a given structure, we start with a structure for which an equilibrium distribution is known and deform the structure adiabatically into the desired structure, following the distribution with a particle tracing code. Our example shows that we can obtain a distribution matched to an alternating gradient focusing structure, including the axial nonlinearity and nonlinear RF coupling forces, starting from a distribution matched to an azimuthally symmetric, smooth-focusing structure. This procedure resulted in a periodic distribution even though the beam was large and the tune was near a nonlinear resonance, which led to nonelliptical phase-space shapes. This matched distribution did not exhibit the emittance growth that occurred for an elliptical distribution with the Courant-Snyder parameters determined by the linear parts of the focusing forces. This result is encouraging because if it still works with space charge in the future 3-D particle tracing code, it means we will have distributions matched to a very realistic model of the accelerator. 
